By introducing some parameters, we establish generalizations of the Hilbert-type inequality. As applications, the reverse and its equivalent form are considered.
Introduction
Considerable attention has been given to Hilbert inequalities and Hilbert-type inequalities by several authors including Gao In this paper, by introducing some parameters we generalize 1.1 , 1.2 , and we obtain the reverse form for each of them. The equivalent forms are also considered. 
2.1
One has w λ x, q w λ y, p
Proof. Letting t y λ /x λ , we have
2.2
By symmetry we have
The lemma is proved.
2.4
Then for ε→0 , one gets
2.8
We get
On the other hand,
2.10
Hence, 2.5 is valid. The lemma is proved. 
2.12
Proof. Applying Hölder's inequality and Lemma 2.1, we have
2.13
If 2.13 takes the form of equality, then there exist constants A and B, such that they are not all zero, and
2.14 a.e. x, y in 0, ∞ × 0, ∞ . It follows that there exists a constant C, such that
Without lose of generality, suppose A / 0, then we have
which contradicts the fact that 0 < ∞ 0 
2.17
By using Lemma 2.2, we find
2.18
Therefore, we get
For ε→0 , it follows that p 2 q 2 /2λ 2 ≤ k. This contradicts the fact that k < p 2 q 2 /2λ 2 . Hence, the constant factor in 2.11 is the best possible. Theorem 2.3 is proved.
Theorem 2.4. Let
0 < p < 1, 1/p 1/q 1, λ > 0, f x ≥ 0, g y ≥ 0. If 0 < ∞ 0 x p−1 1−λ f p x dx < ∞, 0 < ∞ 0 y q−1 1−λ g q y dy < ∞, then one has ∞ 0 | ln x − ln y| x λ y λ x λ − y λ f x g y dx dy > p 2 q 2 2λ 2 ∞ 0 x p−1 1−λ f p x dx 1/p ∞ 0 y q−1 1−λ g q y dy 1/q ,
2.21
where the constant factor p 2 q 2 /2λ 2 is the best possible. In particular, for λ 1, the inequality reduces to
2.22
Proof. 
2.24
Therefore, we get 
2.28
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2.30
Therefore, by 2.26 we have 2.11 . It follows that inequality 2.26 is equivalent to 2.11 , and the constant factors in 2.26 are the best possible. The theorem is proved. where the constant factor p 2 q 2 /2λ 2 p is the best possible. Inequality 2.31 is equivalent to 2.21 .
The proof of Theorem 2.6 is similar to that of Theorem 2.5, so we omit it.
